Quasiclassical calculations of BBR-induced depopulation rates and effective lifetimes of Rydberg nS, nP, and nD alkali-metal atoms with n ≤ 80. Rates of depopulation by blackbody radiation (BBR) and effective lifetimes of alkali-metal nS, nP, and nD Rydberg states have been calculated in a wide range of principal quantum numbers n ≤ 80 at the ambient temperatures of 77, 300 and 600 K. Quasiclassical formulas were used to calculate the radial matrix elements of the dipole transitions from Rydberg states. Good agreement of our numerical results with the available theoretical and experimental data has been found. We have also obtained simple analytical formulas for estimates of effective lifetimes and BBR-induced depopulation rates, which well agree with the numerical data.
I. INTRODUCTION
Accurate determination of effective lifetimes is important for many theoretical and experimental studies of alkali-metal Rydberg atoms. First measurements and calculations of radiative lifetimes of Na nS and nD Rydberg states with n ≤ 13 were done by Gallagher et al. [1] . Later on it has been shown that interaction of Rydberg atoms with blackbody radiation (BBR) strongly affects the measured lifetimes [2] . BBR-induced depopulation rates were estimated by Cooke and Gallagher [3] for sodium Rydberg states with n=18 and 19, and accurately calculated by Farley and Wing [4] for alkalimetal nS, nP, and nD Rydberg atoms with n ≤ 30 using Coulomb approximation [5] . Radiative lifetimes of sodium nS and nD Rydberg states with 17≤n≤28 were measured by Spencer et al. [6] in a cooled environment in order to reduce the influence of BBR. The temperature dependence of BBR-induced depopulation rate was measured experimentally for the sodium 19S state [7] and compared with numerical calculations. Theodosiou [8] performed the model-potential calculations of the effective lifetimes of alkali-metal Rydberg states with n≤21 for several ambient temperatures in the range from 0 to 720 K. Later on, model-potential calculations of radiative lifetimes for an extended range of n were done by He et al. [9] . For most of alkali-metal Rydberg atoms, radiative lifetimes were calculated up to n=30, while for rubidium the calculations were done up to n=50. For determination of effective lifetimes at 300 K and comparison with available experimental results, the authors of Ref. [9] used the data of Farley and Wing [4] . Galvez et al. [10, 11] investigated the cascade of BBR-induced transitions from the initially populated n=24-29 states of Na, both theoretically and experimentally.
Recent experimental studies of cold alkali-metal Rydberg atoms in magneto-optical traps involved states with * Electronic address: beterov@isp.nsc.ru relatively high principal quantum numbers n > 50 [12] . Effective lifetimes and BBR-induced depopulation rates for these states have not been calculated yet, to the best of our knowledge. Commonly used results of [4] and [8] were limited by n=21 and n=30 respectively. We note that experiments with cold Rydberg atoms are usually performed at a room temperature of 300 K, when depopulation of Rydberg states by blackbody radiation is the main source of the reduction in radiative lifetimes as it was shown by Gallagher and Cooke [2] . Recently, room-temperature measurements of lifetimes of rubidium nS, nP, and nD Rydberg atoms with n=26-45 have been done [13, 14] and discussed [15, 16] .
The present work is devoted to the calculations of the effective lifetimes of nS, nP, and nD Rydberg states of alkali-metal Rydberg atoms with n≤80 at the ambient temperatures of 77, 300 and 600 K. A simple theoretical model describing spontaneous and BBR-induced transitions between Rydberg states is discussed in Sec. II. Section III is devoted to the calculations of the temperaturedependent BBR-induced depopulation rates. The analytical formulas for estimates of BBR-induced depopulation rates [3] are modified to improve the agreement with numerical results. In Section IV the results of the numerical calculations of effective lifetimes of Rydberg states are presented and compared with available experimental and theoretical data. Simple scaling laws for estimates of effective lifetimes are obtained. Atomic units are used, unless specified otherwise.
II. SPONTANEOUS AND BBR-INDUCED TRANSITIONS BETWEEN RYDBERG STATES
A simple model for calculation of effective lifetimes of Rydberg states was developed by Gallagher and Cooke [2] . The rate of a spontaneous transition between nL and n ′ L ′ states is given by the Einstein coefficient:
is a radial matrix element of the electric dipole transition, and ω nn ′ = |E nL − E n ′ L ′ | is a transition frequency, where E nL and E n ′ L ′ are energies of nL and n ′ L ′ states, respectively. Energies of the Rydberg states are expressed through the effective quantum number n ef f = n − µ L , where µ L is a quantum defect of an nL Rydberg state:
is expressed through the effective number of BBR photons per moden ω , given by the Planck distribution at temperature T,n
where k is the Boltzmann constant, and through the Einstein coefficient,
Radiative lifetime τ 0 of a Rydberg state is determined by the total rate of spontaneous transitions from nL state to all lower-lying states:
The total rate of BBR-induced depopulation can be written in a similar form, taking into account transitions to both lower and higher states:
Finally, effective lifetime of the nL Rydberg state is determined by the sum of the rates Γ 0 and Γ BBR of spontaneous and BBR-induced nL → n ′ L ′ transitions, respectively:
A calculation of effective lifetimes is thus reduced to a calculation of the radial matrix elements R (nL → n ′ L ′ ). Exact analytical solution exists only for a hydrogen atom [17] . For alkali-metal atoms, various numerical methods were developed. The Hartree-Fock and multiconfiguration-interaction methods require long calculation time. The Coulomb approximation method was applied by Farley and Wing [4] and Spencer et al. [6] for numerical calculations and provided good agreement with experimental results. Theodosiou [8] and He et al. [9] used a method of model potential with different atomic potential functions. A quasiclassical approximation is most suitable for states with large principal quantum numbers n > 20. Therefore, in this paper we used a quasiclassical method developed by Dyachkov and Pankratov [18] to calculate radial matrix elements. This approach is helpful for calculations, where large number of dipole transitions must be considered. The authors of Ref. [18] showed that by the optimal choice of the mean energy of the atomic states, it is possible to extend semiclassical approximation and make it applicable even for states with low n. Quantum defects of nS, nP, and nD Rydberg states of Li, Na, K, Rb and Cs atoms were taken from refs. [19] - [24] and used as the input parameters for the calculations. Quantum defects of nF states of Na, K and Rb Rydberg atoms, required to calculate the effective lifetimes of nD states, were taken from ref. [21] . For Li and Cs the quantum defects of nF states were taken from [19] and [23] .
For atoms in the ground and low-excited states with large frequencies of transitions at T =300 K one has n ω ≪ 1, and the rates of BBR-induced transitions are small. Hence, for atoms in such states the interaction with blackbody radiation can be neglected. The situation is different for Rydberg states: at transition frequencies on the order of 10 4 cm −1 one hasn ω ∼ 10, and the rate of BBR-induced transitions can be ten times larger than the rate of the spontaneous decay to neighboring Rydberg states. Hence, depopulation by BBR must be necessarily taken into account when calculating the lifetimes of Rydberg states.
III. BBR-INDUCED DEPOPULATION OF RYDBERG STATES
Following the consideration of interaction of sodium Rydberg atoms with BBR [25] , we show numerically calculated rates of spontaneous and BBR-induced transitions from the rubidium 30S state to n ′ P states in Fig. 1 . For a given n spontaneous transitions occur predominantly to the ground and low excited states, while black- body radiation populates mostly neighboring levels with n ′ = n ± 1. Nevertheless, in order to improve the precision of the numerical calculations of BBR-induced depopulation rates we took into account transitions to all lower states and to the upper states with n ′ < n + 40. Omission of higher discrete states and continuum states reduces the accuracy by less than 0.5% [26, 27] .
The range of validity of the commonly used theoretical model of interaction of Rydberg atoms with blackbody radiation was discussed by Farley and Wing [4] . They derived a useful formula for determination of the critical values of n and T, at which weak-field approximation breaks down and interaction of the Rydberg electron with BBR becomes as intensive, as Coulomb interaction of the electron with the ionic core:
Here α is the fine-structure constant, m e is the electron mass, and c is the speed of light. For T =300 K, this formula gives n=122, and for 600 K the limit is n=86. The condition of the breakdown of the electric-dipole approximation is given by a simple formula, kT n 2 ∼ αm e c 2 /3, which yields n=219 for 300 K and n=155 for 600 K. The values of n studied in the present work are below the critical limits. Figure 2 shows a comparison between our numerically calculated BBR-induced depopulation rates of Na and Rb Rydberg states at 300 K with the results of Farley and Wing [4] . It demonstrates that both calculations agree very well.
Gallagher and Cooke [3] used the sum rules to derive a simple approximation for BBR-induced depopulation rate:
Later on Farley and Wing [4] showed that this formula overestimates the numerically calculated depopulation rates, especially for low n. Below we show how the accuracy of Eq. (8) can be substantially improved. Equation (5) can be rewritten as
is the oscillator strength:
A principal contribution to the BBR depopulation rate is caused by the transitions to neighboring levels with n ′ = n ± 1 (see Fig. 1 ). One may note that an expression in the square brackets in Eq. (9) is a slowly changing function of ω nn ′ for n > 15 and it can be considered independently of the other terms in the sum. For such states, n ′ and n can be replaced by n ef f , and ω nn ′ by n −3 ef f . The remaining sum over the oscillator strengths in Eq. (9) satisfies a sum rule [17] :
From Eqs. (9)- (11) (8) and Eq. (13); (b) Eq. (13) and Eq. (14), and comparison of our numerically calculated temperature dependences of BBR-induced depopulation rates of (c) Rb 10S and (d) Rb 30S states with Eqs. (13) and (14).
For large n, Eq. (12) can be expanded and coincides with Eq. (8) . It is convenient to rewrite it in the units of s −1 , taking the temperature in kelvin:
A comparison of Eqs. (13) and (8) with the numerical results is shown in Fig. 3(a) . It is seen that Eq. (13) correctly describes the shape of the numerically calculated dependence, and for higher n it yields the results identical to Eq. (8). However, for nP and nD states [ Fig. 3(b 
The values of A, B, C, and D, obtained from the best fit of the numerical results at T =300 K to Eq. (14) , are summarized in Table I . For Li Rydberg states the fine structure is not considered, as it does not affect the results. Basically, all scaling laws are better for interpolation than for extrapolation of the precise numerical data. It is difficult to obtain an accuracy better than 50% for n ∼ 80, using the only available results of Farley and Wing [4] as the input data for scaling with Eq. (8). From Fig. 3(a) one may see that Eq. (13) gives the completely different and more correct results for n < 15, compared to the commonly used Eq. (8). Furthermore, we have shown that for more accurate analytical calculations of the depopulation rates, scaling coefficients should be introduced, as we did in Eq. (14) for the first time. Although the data of Ref. [4] with Eq. (14) can be used to obtain the scaling with 10% accuracy at n = 50 and 18% accuracy at n = 80, compared to our numerical calculations, the best fit of our numerical results in an extended range of 10 < n < 80 allows us to obtain more accurate values of the coefficients in Eq. (14), providing accuracies better than 3.5% for n ∼ 50 and better than 8% for n ∼ 80. This improvement can be important for comparison with precise experimental data.
IV. EFFECTIVE LIFETIMES OF RYDBERG STATES
We have numerically calculated the radiative and effective lifetimes of nS, nP, and nD alkali-metal Rydberg states using Eqs. 
The coefficients τ s and δ have been obtained from the best fit of our numerical results and are summarized in Table II . The radiative lifetimes τ 0 of alkali-metal Rydberg states calculated by us are compared with the available theoretical data [8, 9] in Table III and in Fig. 4 (for Na and Rb). Good agreement between the three data sets is observed.
A combination of Eqs. (14) and (15) with Eq. (6) can be used for estimates of the effective lifetimes of alkalimetal Rydberg states at a given temperature:
In Figs. 4(a)-4(c) the effective lifetimes τ ef f calculated for Na at T =600 K are compared with the results of Theodosiou [8] . Satisfactory agreement with our numerical calculations is observed for low n < 20. At n ∼ 20 the results of Theodosiou start to deviate from both a smooth dependence and our calculations. The deviation from the smooth dependence was probably caused by the difficulties of numerical integration of rapidly oscillating wave functions of Rydberg states with large n. A comparison of numerically calculated effective lifetimes of Rb and Cs nS, nP, and nD Rydberg states at 
Principal quantum number n Principal quantum number n We have also compared the calculated effective lifetimes of Rb Rydberg states with those from the experiments of de Oliveira and co-workers [13, 14] . The data for nS and nD states were taken from the recent work [14] , while for nP states we used the results of measurements published in the earlier work [13] . In the latter paper the authors used an uncommon definition of effective lifetimes, and their results must be divided by a factor 2, as mentioned in Ref. [14] . Satisfactory agreement between the experiment and our calculations is observed (see Fig. 6 ). The theoretical curves for nS and nD states go slightly higher than the experimental points, while for the nP states they go below experimental points. A reason for this discrepancy is unclear. On the one hand, it can be caused by inaccuracy of the quasiclassical model applied for calculations of radial matrix elements of transitions to lower states with n∼3-5, which make the principal contribution to radiative lifetimes (see Fig. 1 ). On the other hand, we have checked that our quasiclassical model gives better agreement with the experiment and model-potential calculations [8, 9] , than the commonly used Coulomb approximation method [5] . For nP states, the disagreement between theory and the experiment is more significant, and we may conclude that more accurate experimental measurements would be of great interest.
Finally, we present the results of our numerical calculations of the radiative and effective lifetimes of nS, nP, and nD alkali-metal Rydberg states with n=10-80 at the ambient temperatures of T =77, 300, and 600 K in Tables IV-VIII. V.
CONCLUSION.
We reported the results of our numerical calculations of BBR-induced depopulation rates and effective lifetimes of nS, nP, and nD alkali-metal Rydberg states, which were extended to higher principal quantum numbers n ≤ 80 in comparison with previous publications [4, 8, 9] . Good agreement of the calculated BBR depopulation rates with the results of Farley and Wing [4] for n ≤ 30 proves the validity of the quasiclassical methods [18] used in the present work. Our results of numerical calculations of spontaneous radiative lifetimes are also consistent with the previous theoretical works [8, 9] . We have also obtained satisfactory agreement with the experimental measurements [13, 14] of the effective lifetimes of Rb nS, nP, and nD states with n=26-45. Nevertheless, the remaining discrepancies between experiment and theory indicate that new experimental measurements for alkali-metal Rydberg states in a wider range of n would be of great interest. We have also derived an improved analytical formula [Eq. (13) ] for prompt estimates of the BBR-induced depopulation rates, which better agrees with the results of numerical calculations for lower n, than the commonly used Eq. (8) [3] . The simple scaling laws [Eqs. (14) and (16)] based on Eq. (13) can be used for accurate approximation of the results of numerical calculations of BBRinduced depopulation rates and effective lifetimes. 
